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A Rapidly Growing Instability Mode in

Trailing Multiple-Vortex Wakes

Jason M. Ortega* and Ömer Savas†

University of California at Berkeley

I. Introduction

Following Crow’s1 analytical study of the long-wave instability for a counter-

rotating vortex pair, numerous wake-alleviation concepts have been tested in an effort to

hasten this instability mechanism.2-5  The hypothesis was that if this instability could be

externally forced to grow, the linking of oppositely signed tip vortices would form Crow

rings, hence, changing the two-dimensional nature of the wake into a three-dimensional

one. The resulting incoherent wake would have an accelerated destruction, causing it to

pose less of a threat to following aircraft.  However, one drawback of the Crow instability

is its slow growth rate.  Typically, it requires a few hundred wingspans to develop,

making it a less attractive candidate for rapid wake attenuation.  The primary reason for

this slow growth rate is that the equal-strength, oppositely signed vortices are too widely

spaced for this cooperative instability to rapidly occur.  In order to circumvent this

impediment and increase the growth rate, it is necessary to redesign the trailing vortex

wake.

                                                          
* Graduate Student, Department of Mechanical Engineering, University of California, Berkeley, CA 94720-
1740. Student  Member AIAA.
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One means of accomplishing this is to construct a vortex wake that contains

multiple vortex pairs, each of which has vortices that are located close to one another.

This allows the vortices to develop cooperative instabilities and interact strongly in a

time-scale much shorter than that for a single, widely spaced pair.6  Recent towing tank

experiments7,8 have demonstrated this in the merger process of like-signed vortex pairs.

By merely reducing the spacing between the flap and tip vortices from one-third of a span

to one-sixth of a span, the vortices could interact more strongly with each other and

quickly develop instabilities, decreasing the downstream distance to merger from 70 to

only 10 spans.  Another means is to generate oppositely signed vortices that have unequal

strengths, resulting in a vortex wake that can decay by means other than the Crow

instability.   Leonard9,10 presents numerical results from a vortex filament code in which

unequal strength, oppositely signed flap vortices develop a sinusoidal instability that

requires only 10 spans to grow to a finite size.  Recently,  Quackenbush et al.11-13 have

numerically explored a concept called “vortex leveraging” for alleviating the sailplane

wake of a submarine.  By periodically introducing control vortices by means of shape

memory alloys (SMA), the flap vortices from the sailplane are spatially perturbed,

causing them to interact with the oppositely signed tip vortices at downstream distances

of 20 to 30 spans. Experimental verification, however, does not seem to be available at

the present time.

In order to the test the two concepts discussed above, a series of flow

visualization experiments were conducted.  This paper presents the results of these tests
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and describes a class of instabilities that is seen both within an unequal strength, counter-

rotating vortex pair and between the vortex pairs on either side of a wing.  We observe

that a trailing vortex wake that has undergone this instability exhibits the formation of

three-dimensional structures much sooner than the wake following the growth of the

classical Crow instability.

II. Experimental Setup

Two wings (Figure 1) are employed for these experiments: a rectangular wing (a)

that serves as the control wing, providing a reference against which the other wing is

compared; and a wing that has triangular tip flaps (b).  The wings are made of curved

sheet metal of thickness 2.5 mm and both have a span, b, of 40cm, chord, c, of 6.7cm,

and camber radius, R, of 17cm.  The triangular flap extensions have widths of d = 0.25b.

The leading and trailing edges are tapered and rounded to minimize flow separation. The

experiments are performed at the U.C. Berkeley Richmond Field Station towing tank

facility.   The tank measures 2.4m wide by 70m long and has a nominal water depth of

1.5m.  For this particular series of tests, an aluminum carriage is towed behind a

motorized one, allowing a better top-view of the vortices from the instant they formed.

The wings are attached to the aluminum carriage by a streamlined, stainless steel strut,

which places them approximately 0.5m beneath the water surface. Recent PIV

measurements7 demonstrated that strut had minimal influence on the formation and

ensuing dynamics of the wake vortices.
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Flow visualization is performed by applying a mixture of fluorescent sodium salt

(Sigma Chemical Company, No. F-6377) and corn syrup to the upper surface of the

wings at the flaps and wing tips in 2.5cm wide strips (Figure 1).  To increase the amount

of time that this dye mixture lasts in the water, it is simmered over a heat source so that

the majority of the water content is removed, giving it the consistency of hardened

caramel.  The dye is washed into the boundary layer on the top surface of the wing. The

dyed fluid meets the fluid from the lower surface boundary layer to form the three-

dimensional vortex sheet in the wake of the wing.  Since the molecular diffusivity of

water is much smaller than its momentum diffusivity,  the dye remains as a partial marker

of the vortex sheet, which rapidly rolls up into vortices.  The dye is not a complete

marker of the sheet, since the wing is partially painted with it.  Hence, we argue that in

the rolled up wake, all the dye marks vorticity, but not all vorticity is marked by the dye.

At larger downstream distances, only coherent structures that correlate well with

themselves both spatially and temporally are discussed.  Therefore, if a large dispersal of

dye is observed in the wake, no attempt is made to relate this to a large dispersal of

vorticity.

The test section, located about half way down the length of the tank, is

illuminated by passing a 10W CW laser beam through a spherical lens. The light cone

thus generated allows for volumetric visualization of the flow field. A VHS camera is

positioned about a meter upstream of the test section and views the wings and trailing

vortices through the water surface.  The surface waves generated by the strut cause some

image distortion, but this does not have any significant effects on the flow observations.
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Additional flow visualization images are obtained by viewing the trailing vortices

through the side windows of the test section.

For each run, the wing is towed at a velocity, U, of 1.6 m/s (Rec = Uc/ν  =

107,000, where ν is the kinematic viscosity of water) and at an angle of attack, α, of 2.0

degrees.  Due to the different planform areas of the wings, the circulation strengths of the

resulting wakes vary somewhat between the wings, though their values are of the same

order of magnitude.  Because the purpose of this study is to investigate the qualitative

features of the wakes, these slight differences should not present a problem. The carriage

begins its motion 20m upstream of the test section and continues until it reaches the end

of the tank.  Typically, 20 minutes are allowed to pass between runs, allowing the water

in the tank to become quiescent. A total of seven flow visualization tests are performed:

two with the rectangular wing having no flaps and five with the wing having triangular

flaps.

III. Observations

Sequences of flow visualization images from video tape recordings are shown in

Figure 2 for both wings.  The columns correspond to images from the rectangular wing

and the triangular-flapped wing. The rows correspond to the different downstream

distances, z/b, from the wings.  The frames labeled z/b = 0 show the wings just as they

pass through the center of the test section.  The streamwise ripples visible at z/b = 0 are

the optical distortions due to the surface waves generated by the strut.
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The first column in Figure 2 shows the counter-rotating vortex pair in the wake of

the rectangular wing.  This sequence of images is taken as the basis for comparison with

the outboard-flapped wing experiments discussed below.  Consistent with earlier studies

in this facility7,8 using the rectangular wing, the vortices shed from it indicate no signs of

a long-wave instability during the observations. The vortices simply descend quietly until

they proceed below the illuminated portion of the test section (z/b = 150, not shown).

Observations of the rectangular wing’s wake at much later times do show initial signs of

the long-wave Crow instability.  However, by this time, the wing has stopped and the

vortex pair is nearing the tank floor.  The behavior of the pair, therefore, is not

investigated further.

 The vortex wake of the wing with triangular flaps is shown in the second column

of Figure 2. The tip vortices have the same senses of rotation as those for the rectangular

wing, while each of the flap vortices have a sense of rotation that is opposite to that of the

nearby tip vortices. Thus, two counter-rotating vortex pairs are generated. An estimate of

the vortex strength ratios can be made by observing the paths of the vortices in a pair.

The vortex pair rotates around its vorticity centroid in the reference frame of the

descending wake. The initial separation of the pair and the location of their common

centroid uniquely determine the ratio of their strengths. Because the mid-portion of the

wing produces lift, the flap and tip vortices are of unequal strength, resulting in a

circulation ratio |Γflap/Γtip| < 1, where Γflap,tip  are the vortex circulations.
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quickly becomes the central event in the wake (Figure 3b-e).  As the instability

progresses, the peaks on the flap vortices become tightly wrapped around the tip vortices,

forming “Ω”-shaped hoops (Figure 3d).  The shape of the vortex pair just prior to the

formation of these hoops is similar to that in Figure 13 of Klein, et al.14  The spiral “feet”

of these hoops advect themselves towards one other, causing the hoops to form closed

vortex rings (Figure 3e).  These rings are then hurled towards the opposite side of the

wake.  It is clear that this long-wave instability is a member of a more general class of

modes for arbitrary strength vortices.  When the vortices are of the same sign, the vortex

pair is linearly stable to long wavelength perturbations.15 However, when the vortices are

of opposite sign, the instability grows rapidly, as is evident in these flow visualization

images.

V. Growth Rate of the Instability Mode

We estimate the growth rate of the instability shown in Figure 2, in order to

compare it with the growth rates of other instabilities that exist between a single pair and

multiple pairs of trailing vortices.  Using the image of the wing at z/b = 0 as a reference

length, the amplitude of the instability at z/b = 23, at which time the flap vortex has

orbited about π radians about the tip, is found to be approximately 6cm.  The amplitudes

of the initial disturbances on the trailing vortices are taken to be on the order of the

boundary layer thickness at the trailing edge of the flap.  As a conservative estimate, if

we approximate the flow over the wing by that of a turbulent boundary layer over a flat

plate, the boundary layer thickness is 0.37⋅x⋅( Ux/ν )-1/5 = 0.35cm, where x=1.58c=10.6

cm (Schlichting).16 With this information, the growth rate, α, of the instability can be
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found from the expression, y = yoe
αt, where y = 6 cm is the perturbation amplitude at 23

spans, yo the initial amplitude, and t = (23 spans) x (40 cm/span) / (160 cm/s).  Solving

this expression for α yields a growth rate of  0.5 s-1.

In order to compare the growth rate of this instability with that of the Crow1

instability, it is necessary to calculate the characteristic time scale, τd = 2πd2/Γtip, of a

single vortex pair.  By performing this exercise, as done in Bristol17, it is possible to

determine if the instability on the flap vortex is driven by the rate of strain field, Γtip/2πd2,

of the neighboring tip vortex.   To estimate Γtip, the root circulation about the wing is first

estimated as Γo=250cm2/s from preliminary PIV measurements in the wake of the wing

with triangular flaps.  Next, we utilize the equation for the distance, x, between the flap

vortex and the vorticity centroid of the vortex pair.  This can be found from the

expression, x = ½ (β-b) + d = d Γtip/Γo, where β is the distance between the vorticity

centroids on either half of the wing. Computing the average distance between the tip

vortices from z/b = 0 to 23 demonstrates that β is about equal to 45cm.  Substituting the

values of β, Γo, and d into the expression for x shows that Γtip = 313cm/s2, giving a

characteristic time scale of 2.0s and a dimensionless growth rate of γd = 2.0s⋅0.5s-1 = 1.0.

When scaled in this manner, the estimated growth rate of this instability is on the order of

that predicted by Crow1 for two equal strength, oppositely signed vortices.  The fact that

the growth rate is of O(1) suggests that the straining field from the nearby tip vortex is

responsible for the observed instability.
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From an aircraft design point of view, the dimensionless growth rate can also be

compared to that of a wing with multiple vortices.  For this purpose, we define another

characteristic time scale as that in Crouch,6 which is τβ = 2πβ 2/Γo = 51s.  With this

scaling, the dimensionless growth rate of the counter-rotating pair is γβ=51s⋅0.5s-1 = 25.

The instability growth rate of a wake with multiple co-rotating pairs is taken to be 1.5,6

the value for the A2 mode (see Figure 2a of Crouch6) with δ = 0.3 and Γflap /Γtip = 0.5).

These values of δ and Γflap /Γtip give a ratio of d/b = 0.25, allowing a rough comparison to

be made with the triangular-flapped wing used in this study.  It is interesting to note that

the growth rate of the instability in Figure 2 is about 17 times greater than that of the A2

mode in Crouch.6  The growth rate data are summarized in Table 1.

Γf /Γt γd γβ Source

   0 0.8 Crow1

+0.5 1.5 Crouch6

- 0.2 1 25 present experiments

Table 1. Instability growth rates.

VI. Closing Remarks

A rapidly growing instability mode is shown to exist between unequal, oppositely

signed vortices in the wakes of wings.  Having a wavelength of about one wingspan, this

instability develops on the weaker flap vortices at approximately 20 spans downstream of

the wing. All that is necessary to excite this instability is to place two unequal, oppositely
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signed vortices close to one another where they can interact strongly. The rapid growth of

the instability and the exchange of vorticity across the wing centerline suggest that this

instability might be utilized as a means of controlling the vortex wake and, perhaps,

reducing the wake hazard. PIV measurements are being conducted to provide a more

quantitative assessment of the wakes of these wings.
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Figures

1. Wings: (a) rectangular planform, and (b) triangular flaps.

2. Video sequences: (a) rectangular planform, and (b) triangular flaps. The wing is in

view in the first frame (z/b=0) of each column.

3. Instability mode-detail: photographs and outlines of dye concentrations. ∆z/b

indicates the relative separation of the frames in (a)-(e). lw-long wave instabilities.
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(a)

(b)

fluorescent dye strips
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(a) rectangular wing
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Figure 3
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